Reproducing Kernel Functions by Akgül, Ali & Akgül, Esra Karatas
Selection of our books indexed in the Book Citation Index 
in Web of Science™ Core Collection (BKCI)
Interested in publishing with us? 
Contact book.department@intechopen.com
Numbers displayed above are based on latest data collected. 
For more information visit www.intechopen.com
Open access books available
Countries delivered to Contributors from top 500 universities
International  authors and editors
Our authors are among the
most cited scientists
Downloads
We are IntechOpen,
the world’s leading publisher of
Open Access books
Built by scientists, for scientists
12.2%
122,000 135M
TOP 1%154
4,800
Chapter 6
Reproducing Kernel Functions
Ali Akgül and Esra Karatas Akgül
Additional information is available at the end of the chapter
http://dx.doi.org/10.5772/intechopen.75206
Abstract
In this chapter, we obtain some reproducing kernel spaces. We obtain reproducing kernel
functions in these spaces. These reproducing kernel functions are very important for
solving ordinary and partial differential equations.
Keywords: reproducing kernel functions, reproducing kernel spaces, ordinary and partial
differential equations
1. Introduction
Reproducing kernel spaces are special Hilbert spaces. These spaces satisfy the reproducing
property. There is an important relation between the order of the problems and the
reproducing kernel spaces.
2. Reproducing kernel spaces
In this section, we define some useful reproducing kernel functions [1–23].
Definition 2.1 (reproducing kernel). Let E be a nonempty set. A function K : E E ! ℂ is
called a reproducing kernel of the Hilbert space H if and only if
a. K ; tð Þ∈H for all t∈E,
b. φ;K ; tð Þh i ¼ φ tð Þ for all t∈E and all φ∈H:
The last condition is called the reproducing property as the value of the function φ at the point
t is reproduced by the inner product of φ with K ; tð Þ:
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Then, we need some notation that we use in the development of this chapter. Next, we define
several spaces with inner product over those spaces. Thus, the space defined as
W32 0; 1½  ¼ vjv; v
0
; v0
0
: 0; 1½  ! R areabsolutely continuous; v 3ð Þ ∈ L2 0; 1½ 
n o
(1)
is a Hilbert space. The inner product and the norm in W32 0; 1½  are defined by
v;ɡh iW32
¼
X2
i¼0
v ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ð1
0
v 3ð Þ xð Þɡ 3ð Þ xð Þdx, v,ɡ∈W32 0; 1½ ,
∥v∥W32
¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v; vh iW32
q
, v∈W32 0; 1½ ,
(2)
respectively. Thus, the space W32 0; 1½  is a reproducing kernel space, that is, for each fixed
y∈ 0; 1½  and any v∈W32 0; 1½ , there exists a function Ry such that
v yð Þ ¼ v xð Þ;Ry xð Þ
 
W32
, (3)
and similarly, we define the space
T32 0; 1½  ¼
v∣v, v0, v0 0 : 0; 1½  ! R areabsolutely continuous,
v00 ∈L2 0; 1½ , v 0ð Þ ¼ 0, v0 0ð Þ ¼ 0
8><
>:
9>=
>; (4)
The inner product and the norm in T32 0; 1½  are defined by
v;ɡh iT32
¼
X2
i¼0
v ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ð1
0
v000 tð Þɡ000 tð Þdt, v,ɡ∈T32 0; 1½ ,
∥v∥T32
¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v; vh iT32
q
, v∈T32 0; 1½ ,
(5)
respectively. The space T32 0; 1½  is a reproducing kernel Hilbert space, and its reproducing
kernel function rs is given by [1] as
rs ¼
1
4
s2t2 þ
1
12
s2t3 
1
24
st4 þ
1
120
t5, t ≤ s,
1
4
s2t2 þ
1
12
s3t2 
1
24
ts4 þ
1
120
s5, t > s,
8>><
>>:
(6)
and the space
G12 0; 1½  ¼ vjv : 0; 1½  ! R is absolutely continuous; v
0 xð Þ∈ L2 0; 1½ 
 
, (7)
is a Hilbert space, where the inner product and the norm in G12 0; 1½  are defined by
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v;ɡh iG12 ¼ v
ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ð1
0
v0 xð Þɡ0 xð Þdx, v,ɡ∈G12 0; 1½ ,
∥v∥G12
¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v; vh iG12
q
, v∈G12 0; 1½ ,
(8)
respectively. The space G12 0; 1½  is a reproducing kernel space, and its reproducing kernel
function Qy is given by [1] as
Qy ¼
1þ x, x⩽ y
1þ y, x > y:

(9)
Theorem 1.1. The space W32 0; 1½  is a complete reproducing kernel space whose reproducing kernel Ry
is given by
Ry xð Þ ¼
X6
i¼1
ci yð Þx
i1, x ≤ y,
X6
i¼1
di yð Þx
i1, x > y,
8>>><
>>>:
(10)
where
c1 yð Þ ¼ 1, c2 yð Þ ¼ y, c3 yð Þ ¼
y2
4
, c4 yð Þ ¼
y2
12
, c5 yð Þ ¼ 
1
24y
, c6 yð Þ ¼
1
120
,
d1 yð Þ ¼ 1þ
y5
120
, d2 yð Þ ¼
y4
24
þ y, d3 yð Þ ¼
y2
4
þ
y3
12
, d4 yð Þ ¼ d5 yð Þ ¼ d6 yð Þ ¼ 0:
Proof. Since
v;Ry
 
W32
¼
X2
i¼0
v ið Þ 0ð ÞR ið Þy 0ð Þ þ
ð1
0
v 3ð Þ xð ÞR 3ð Þy xð Þdx, v, Ry ∈W
3
2 0; 1½ 

(11)
through iterative integrations by parts for (11), we have
v xð Þ;Ry xð Þ
 
W42
¼
X2
i¼0
v ið Þ 0ð Þ R ið Þy 0ð Þ  1ð Þ
2ið ÞR 5ið Þy 0ð Þ
h i
þ
X2
i¼0
1ð Þ 2ið Þv ið Þ 1ð ÞR 5ið Þy 1ð Þ þ
ð1
0
v xð ÞR 6ð Þy xð Þdx:
(12)
Note, the property of the reproducing kernel as
v xð Þ;Ry xð Þ
 
W32
¼ v yð Þ: (13)
If
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Ry 0ð Þ  R
5ð Þ
y 0ð Þ ¼ 0,
R0y 0ð Þ þ R
4ð Þ
y 0ð Þ ¼ 0,
R00y 0ð Þ  R
‴
y 0ð Þ ¼ 0,
R 3ð Þy 1ð Þ ¼ 0,
R 4ð Þy 1ð Þ ¼ 0,
R 5ð Þy 1ð Þ ¼ 0,
(14)
Then by (11), we obtain
R 6ð Þy xð Þ ¼ δ x yð Þ, (15)
when x 6¼ y,
R 6ð Þy xð Þ ¼ 0, (16)
therefore,
Ry xð Þ ¼
X6
i¼1
ci yð Þx
i1, x ≤ y,
X6
i¼1
di yð Þx
i1, x > y,
8>>><
>>>:
(17)
Since
R 6ð Þy xð Þ ¼ δ x yð Þ, (18)
we have
∂
kRyþ yð Þ ¼ ∂
kRy yð Þ, k ¼ 0; 1; 2; 3; 4,
∂
5Ryþ yð Þ  ∂
5Ry yð Þ ¼ 1:
(19)
From (14) and (19), the unknown coefficients ci yð Þ and di yð Þ i ¼ 1; 2;…; 6ð Þ can be obtained.
Thus, Ry is given by
Ry ¼
1þ yxþ
1
4
y2x2 þ
1
12
y2x3 
1
24
yx4 þ
1
120
x5, x ≤ y
1þ yxþ
1
4
y2x2 þ
1
12
y3x2 
1
24
xy4 þ
1
120
y5, x > y:
8><
>:
(20)
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Now, we note that the space given in [1] as
W Ωð Þ ¼
v x; tð Þ∣
∂
4v
∂x2∂t2
, is completely continuous in Ω ¼ 0; 1½   0; 1½ ,
∂
6v
∂x3∂t3
∈ L2 Ωð Þ, v x; 0ð Þ ¼ 0,
∂v x; 0ð Þ
∂t
¼ 0
8>>><>>>:
9>>>=>>>;
(21)
is a binary reproducing kernel Hilbert space. The inner product and the norm in W Ωð Þ are
defined by
v x; tð Þ;ɡ x; tð Þh iW ¼
X2
i¼0
ð1
0
∂
3
∂t3
∂
i
∂xi
v 0; tð Þ
∂
3
∂t3
∂
i
∂xi
ɡð0; tÞ
" #
dt
þ
X2
j¼0
∂
j
∂tj
v x; 0ð Þ;
∂
j
∂tj
ɡðx; 0Þ
* +
W32
þ
ð1
0
ð1
0
∂
3
∂x3
∂
3
∂t3
v x; tð Þ
∂
3
∂x3
∂
3
∂t3
ɡðx; tÞ
	 

dxdt,
∥v∥w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v; vh iW
q
, v∈W Ωð Þ,
(22)
respectively.
Theorem 1.2. The W Ωð Þ is a reproducing kernel space, and its reproducing kernel function is
K y;sð Þ ¼ Ryrs (23)
such that for any v∈W Ωð Þ,
v y; sð Þ ¼ v x; tð Þ;K y;sð Þ x; tð Þ
 
W 0
K y;sð Þ x; tð Þ ¼ K x;tð Þ y; sð Þ:
(24)
Similarly, the space
cW Ωð Þ ¼ v x; tð Þjv x; tð Þ is completely continuous in Ω ¼ 0; 1½   0; 1½ ; ∂2v
∂x∂t
∈L2 Ωð Þ
 
(25)
is a binary reproducing kernel Hilbert space. The inner product and the norm incW Ωð Þ are defined by
[1] as
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v x; tð Þ;ɡ x; tð Þh icW ¼
ð1
0
∂
∂t
v 0; tð Þ
∂
∂t
ɡð0; tÞ
	 

dtþ v x; 0ð Þ;ɡ x; 0ð Þh iW12
þ
ð1
0
ð1
0
∂
∂x
∂
∂t
v x; tð Þ
∂
∂x
∂
∂t
ɡðx; tÞ
	 

dxdt,
∥v∥cW ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v; vh icW
q
, v∈cW Ωð Þ,
(26)
respectively.cW Ωð Þ is a reproducing kernel space, and its reproducing kernel function G y;sð Þ is
G y;sð Þ ¼ QyQs: (27)
Definition 1.3.
W32 0; 1½  ¼
u xð Þ∣u xð Þ, u0 xð Þ, u0 0 xð Þ, areabsolutely continuous in 0; 1½ 
u 3ð Þ xð Þ∈L2 0; 1½ , x∈ 0; 1½ , u 0ð Þ ¼ 0, u 1ð Þ ¼ 0:
8><
>:
9>=
>;
The inner product and the norm in W32 0; 1½  are defined, respectively, by
u xð Þ;ɡ xð Þh iW32 ¼
X2
i¼0
u ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ð1
0
u 3ð Þ xð Þɡ 3ð Þ xð Þdx, u xð Þ,ɡ xð Þ∈W32 0; 1½ 
and
∥u∥W32
¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u; uh iW32
q
, u∈W32 0; 1½ :
The space W32 0; 1½  is a reproducing kernel space, that is, for each fixed y∈ 0; 1½  and any
u xð Þ∈W32 0; 1½ , there exists a function Ry xð Þ such that
u yð Þ ¼ u xð Þ;Ry xð Þ
 
W32
:
Definition 1.4.
W12 0; 1½  ¼
u xð Þ∣u xð Þ, is absolutely continuous in 0; 1½ 
u0 xð Þ∈L2 0; 1½ , x∈ 0; 1½ ,
8><
>:
9>=
>;
The inner product and the norm in W12 0; 1½  are defined, respectively, by
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u xð Þ;ɡ xð Þh iW12 ¼ u 0ð Þɡ 0ð Þ þ
ð1
0
u0 xð Þɡ0 xð Þdx, u xð Þ,ɡ xð Þ∈W12 0; 1½ , (28)
and
∥u∥W12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u; uh iW12
q
, u∈W12 0; 1½ : (29)
The space W12 0; 1½  is a reproducing kernel space, and its reproducing kernel function Tx yð Þ is
given by
Tx yð Þ ¼
1þ x, x ≤ y,
1þ y, x > y:

(30)
Theorem 1.5. The space W32 0; 1½  is a complete reproducing kernel space, and its reproducing kernel
function Ry xð Þ can be denoted by
Ry xð Þ ¼
X6
i¼1
ci yð Þx
i1, x ≤ y,
X6
i¼1
di yð Þx
i1, x > y,
8>>><
>>>:
where
c1 yð Þ ¼ 0,
c2 yð Þ ¼
5
516
y4 
1
156
y5 
5
26
y2 
5
78
y3 þ
3
13
y,
c3 yð Þ ¼
5
624
y4 
1
624
y5 þ
21
104
y2 
5
312
y3 
5
26
y,
c4 yð Þ ¼
5
1872
y4 
1
1872
y5 þ
7
104
y2 
5
936
y3 
5
78
y,
c5 yð Þ ¼ 
5
3744
y4 þ
1
3744
y5 þ
5
624
y2 þ
5
1872
y3 
1
104
y,
c6 yð Þ ¼
1
120
þ
1
3744
y4 
1
18720
y5 
1
624
y2 
1
1872
y3 
1
156
y,
d1 yð Þ ¼
1
120
y5,
d2 yð Þ ¼ 
1
104
y4 
1
156
y5 
5
26
y2 
5
78
y3 þ
3
13
y,
d3 yð Þ ¼
5
624
y4 
1
624
y5 þ
21
104
y2 þ
7
104
y3 
5
26
y,
d4 yð Þ ¼
5
1872
y4 
1
1872
y5 
5
312
y2 
5
936
y3 
5
78
y,
d5 yð Þ ¼ 
5
3744
y4 þ
1
3744
y5 þ
5
624
y2 þ
5
1872
y3 þ
5
156
y,
d6 yð Þ ¼ 
1
156
yþ
1
3744
y4 
1
18720
y5 
1
624
y2 
1
1872
y3:
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Proof. We have
u xð Þ;Ry xð Þ
 
W32
¼
X2
i¼0
u ið Þ 0ð ÞR ið Þy 0ð Þ
þ
Ð 1
0 u
3ð Þ xð ÞR 3ð Þy xð Þdx:
(31)
Through several integrations by parts for (31), we have
u xð Þ;Ry xð Þ
 
W62
¼
X2
i¼0
u ið Þ 0ð Þ R ið Þy 0ð Þ  1ð Þ
2ið ÞR 5ið Þy 0ð Þ
h i
þ
X2
i¼0
1ð Þ 2ið Þu ið Þ 1ð ÞR 5ið Þy 1ð Þ

Ð 1
0 u xð ÞR
6ð Þ
y xð Þdx:
(32)
Note that property of the reproducing kernel
u xð Þ;Ry xð Þ
 
W32
¼ u yð Þ,
If
R
00
y 0ð Þ  R
3ð Þ
y 0ð Þ ¼ 0,
R
0
y 0ð Þ þ R
4ð Þ
y 0ð Þ ¼ 0,
R 3ð Þy 1ð Þ ¼ 0,
R 4ð Þy 1ð Þ ¼ 0,
8>>>><
>>>>:
(33)
then by (31), we have the following equation:
R 6ð Þy xð Þ ¼ δ x yð Þ,
when x 6¼ y,
R 6ð Þy xð Þ ¼ 0,
therefore,
Ry xð Þ ¼
X6
i¼1
ci yð Þx
i1, x ≤ y,
X6
i¼1
di yð Þx
i1, x > y,
8>>><
>>>>:
Differential Equations - Theory and Current Research106
Since
R 6ð Þy xð Þ ¼ δ x yð Þ,
we have
∂
kRyþ yð Þ ¼ ∂
kRy yð Þ, k ¼ 0; 1; 2; 3; 4, (34)
and
∂
5Ryþ yð Þ  ∂
5Ry yð Þ ¼ 1: (35)
Since Ry xð Þ∈W
3
2 0; 1½ , it follows that
Ry 0ð Þ ¼ 0, Ry 1ð Þ ¼ 0, (36)
From (33)–(36), the unknown coefficients ci yð Þ and di yð Þ i ¼ 1; 2;…; 6ð Þ can be obtained. Thus
Ry xð Þ is given by
Ry xð Þ ¼
5
516
xy4 
1
156
xy5 
5
26
xy2 
5
78
xy3 þ
3
13
xyþ
5
624
x2y4 
1
624
x2y5 þ
21
104
x2y2

5
312
x2y3 
5
26
x2yþ
5
1872
x3y4 
1
1872
x3y5 þ
7
104
x3y2 
5
936
x3y3 
5
78
x3y

5
3744
x4y4 þ
1
3744
x4y5 þ
5
624
x4y2 þ
5
1872
x4y3 
1
104
x4y
1
156
x5yþ
1
3744
x5y4

1
18720
x5y5 
1
624
x5y2 
1
1872
x5y3, x ≤ y
5
516
yx4 
1
156
yx5 
5
26
yx2 
5
78
yx3 þ
3
13
xyþ
5
624
y2x4 
1
624
y2x5 þ
21
104
x2y2

5
312
y2x3 
5
26
y2xþ
5
1872
y3x4 
1
1872
y3x5 þ
7
104
y3x2 
5
936
x3y3 
5
78
y3x

5
3744
x4y4 þ
1
3744
y4x5 þ
5
624
y4x2 þ
5
1872
y4x3 
1
104
y4x
1
156
y5xþ
1
3744
y5x4

1
18720
x5y5 
1
624
y5x2 
1
1872
y5x3, x > y
8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:
W42 0; 1½  ¼
v xð Þ∣v xð Þ, v0 xð Þ, v00 xð Þ, v000 xð Þ
areabsolutely continuous in 0; 1½ ,
v 4ð Þ xð Þ∈ L2 0; 1½ , x∈ 0; 1½ 
8>>>><
>>>:
9>>>>=
>>>;
(37)
The inner product and the norm in W42 0; 1½  are defined, respectively, by
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v xð Þ;ɡ xð Þh iW42 ¼
X3
i¼0
v ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ð1
0
v 4ð Þ xð Þɡ 4ð Þ xð Þdx, v xð Þ,ɡ xð Þ∈W42 0; 1½ ,
∥v∥W42
¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v; vh iW42
q
, v∈W42 0; 1½ :
(38)
The space W42 0; 1½  is a reproducing kernel space, that is, for each fixed.
y∈ 0; 1½  and any v xð Þ∈W42 0; 1½ , there exists a function Ry xð Þ such that
v yð Þ ¼ v xð Þ;Ry xð Þ
 
W42
(39)
Similarly, we define the space
W22 0;T½  ¼
v tð Þ∣v tð Þ, v0 tð Þ
areabsolutely continuous in 0;T½ ,
v00 tð Þ∈L2 0;T½ , t∈ 0;T½ , v 0ð Þ ¼ 0
8>>>><
>>>>:
9>>>>=
>>>>;
(40)
The inner product and the norm in W22 0;T½  are defined, respectively, by
v tð Þ;ɡ tð Þh iW22 ¼
X1
i¼0
v ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ðT
0
v00 tð Þɡ00 tð Þdt, v tð Þ,ɡ tð Þ∈W22 0;T½ ,
∥v∥W1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v; vh iW22
q
, v∈W22 0;T½ :
(41)
Thus, the spaceW22 0;T½  is also a reproducing kernel space, and its reproducing kernel function
rs tð Þ can be given by
rs tð Þ ¼
stþ
s
2
t2 
1
6
t3, t ≤ s,
stþ
t
2
s2 
1
6
s3, t > s,
8><
>: (42)
and the space
W22 0; 1½  ¼
v xð Þ∣v xð Þ, v0 xð Þ
areabsolutely continuous in 0; 1½ ,
v00 xð Þ∈ L2 0; 1½ , x∈ 0; 1½ 
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
(43)
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where the inner product and the norm in W22 0; 1½  are defined, respectively, by
v tð Þ;ɡ tð Þh iW22 ¼
X1
i¼0
v ið Þ 0ð Þɡ ið Þ 0ð Þ þ
ðT
0
v00 tð Þɡ00 tð Þdt, v tð Þ,ɡ tð Þ∈W22 0; 1½ ,
∥v∥W2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v; vh iW22
q
, v∈W22 0; 1½ :
(44)
The space W22 0; 1½  is a reproducing kernel space, and its reproducing kernel function Qy xð Þ is
given by
Qy xð Þ ¼
1þ xyþ
y
2
x2 
1
6
x3, x ≤ y,
1þ xyþ
x
2
y2 
1
6
y3, x > y:
8><
>: (45)
Similarly, the space W12 0;T½  is defined by
W12 0;T½  ¼
v tð Þ∣v tð Þ is absolutely continuous in 0;T½ ,
v tð Þ∈ L2 0;T½ , t∈ 0;T½ 
8><
>:
9>=
>; (46)
The inner product and the norm in W12 0;T½  are defined, respectively, by
v tð Þ;ɡ tð Þh iW12 ¼ v 0ð Þɡ 0ð Þ þ
Ð T
0 v
0 tð Þɡ0 tð Þdt, v tð Þ,ɡ tð Þ∈W12 0;T½ ,
∥v∥W12
¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v; vh iW12
q
, v∈W12 0;T½ :
(47)
The space W12 0;T½  is a reproducing kernel space, and its reproducing kernel function qs tð Þ is
given by
qs tð Þ ¼
1þ t, t ≤ s,
1þ s, t > s:

(48)
Further, we define the space W Ωð Þ as
W Ωð Þ ¼
v x; tð Þ∣
∂
4v
∂x3∂t
, is completely continuous,
inΩ ¼ 0; 1½   0;T½ ,
∂
6v
∂x4∂t2
∈ L2 Ωð Þ, v x; 0ð Þ ¼ 0
8>>>>>><
>>>>>>:
9>>>>>>=
>>>>>>;
(49)
and the inner product and the norm in W Ωð Þ are defined, respectively, by
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v x; tð Þ;ɡ x; tð Þh iW ¼
X3
i¼0
ðT
0
∂
2
∂t2
∂
i
∂xi
v 0; tð Þ
∂
2
∂t2
∂
i
∂xi
ɡð0; tÞ
" #
dt
þ
X1
j¼0
∂
j
∂tj
v x; 0ð Þ;
∂
j
∂tj
ɡðx; 0Þ
* +
W42
þ
ðT
0
ð1
0
∂
4
∂x4
∂
2
∂t2
v x; tð Þ
∂
4
∂x4
∂
2
∂t2
ɡðx; tÞ
	 

dxdt,
∥v∥W ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v; vh iW
q
, v∈W Ωð Þ:
(50)
Now, we have the following theorem:
Theorem 1.6. The space W42 0; 1½  is a complete reproducing kernel space, and its reproducing kernel
function Ry xð Þ can be denoted by
Ry xð Þ ¼
X8
i¼1
ci yð Þx
i1, x ≤ y,
X8
i¼1
di yð Þx
i1, x > y,
8>>><
>>>:
(51)
where
c1 yð Þ ¼ 1, c2 yð Þ ¼ y, c3 yð Þ ¼
1
4
y2,
c4 yð Þ ¼
1
36
y3, c5 yð Þ ¼
1
144
y3, c6 yð Þ ¼ 
1
240
y2,
c7 yð Þ ¼
1
720
y, c8 yð Þ ¼ 
1
5040
,
d1 yð Þ ¼ 1
1
5040
y7, d2 yð Þ ¼ yþ
1
720
y6,
d3 yð Þ ¼
1
4
y2 
1
240
y5, d4 yð Þ ¼
1
36
y3 þ
1
144
y4,
d5 yð Þ ¼ 0, d6 yð Þ ¼ 0, d7 yð Þ ¼ 0, d8 yð Þ ¼ 0:
(52)
Proof. Since
v xð Þ;Ry xð Þ
 
W42
¼
X3
i¼0
v ið Þ 0ð ÞR ið Þy 0ð Þ þ
ð1
0
v 4ð Þ xð ÞR 4ð Þy xð Þdx,
v xð Þ;Ry xð Þ∈W
4
2 0; 1½ 
  (53)
through iterative integrations by parts for (53), we have
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v xð Þ;Ry xð Þ
 
W42
¼
X3
i¼0
v ið Þ 0ð Þ R ið Þy 0ð Þ  1ð Þ
3ið ÞR 7ið Þy 0ð Þ
h i
þ
X3
i¼0
1ð Þ 3ið Þv ið Þ 1ð ÞR 7ið Þy 1ð Þ
þ
Ð 1
0 v xð ÞR
8ð Þ
y xð Þdx:
(54)
Note that property of the reproducing kernel
v xð Þ;Ry xð Þ
 
W42
¼ v yð Þ: (55)
If
Ry 0ð Þ þ R
7ð Þ
y 0ð Þ ¼ 0,
R0y 0ð Þ  R
6ð Þ
y 0ð Þ ¼ 0,
R00y 0ð Þ þ R
5ð Þ
y 0ð Þ ¼ 0,
R‴y 0ð Þ  R
4ð Þ
y 0ð Þ ¼ 0,
R 4ð Þy 1ð Þ ¼ 0,
R 5ð Þy 1ð Þ ¼ 0,
R 6ð Þy 1ð Þ ¼ 0,
R 7ð Þy 1ð Þ ¼ 0,
(56)
then by (54), we obtain the following equation:
R 8ð Þy xð Þ ¼ δ x yð Þ, (57)
when x 6¼ y,
R 8ð Þy xð Þ ¼ 0; (58)
therefore,
Ry xð Þ ¼
X8
i¼1
ci yð Þx
i1, x ≤ y,
X8
i¼1
di yð Þx
i1, x > y:
8>>><
>>>:
(59)
Since
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R 8ð Þy xð Þ ¼ δ x yð Þ, (60)
we have
∂
kRyþ yð Þ ¼ ∂
kRy yð Þ, k ¼ 0; 1; 2; 3; 4; 5; 6, (61)
∂
7Ryþ yð Þ  ∂
7Ry yð Þ ¼ 1: (62)
From (56)–(62), the unknown coefficients ci yð Þ ve di yð Þ i ¼ 1; 2;…; 8ð Þ can be obtained. Thus,
Ry xð Þ is given by
Ry xð Þ ¼
1þ yxþ
1
4
y2x2 þ
1
36
y3x3 þ
1
144
y3x4

1
240
y2x5 þ
1
720
yx6 
1
5040
x7, x ≤ y,
1þ xyþ
1
4
x2y2 þ
1
36
x3y3 þ
1
144
x3y4

1
240
x2y5 þ
1
720
xy6 
1
5040
y7, x > y:
0
BBBBBBBBBBBBBB@
(63)
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